
Subtyping Dependent Types(summary)David AspinallLFCS, Department of Computer Science,University of Edinburgh, U.K.<David.Aspinall@dcs.ed.ac.uk>. Adriana CompagnoniUniversity of Cambridge Computer Laboratory,Cambridge, U.K.<Adriana.Compagnoni@cl.cam.ac.uk>.AbstractThe need for subtyping in type-systems with dependenttypes has been realized for some years. But it is hard toprove that systems combining the two features have funda-mental properties such as subject reduction. Here we in-vestigate a subtyping extension of the system �P, which is anabstract version of the type system of the Edinburgh LogicalFramework LF. By using an equivalent formulation, we es-tablish some important properties of the new system �P�,including subject reduction. Our analysis culminates in acomplete and terminating algorithm which establishes thedecidability of type-checking.1. IntroductionSubtyping captures concepts from diverse areas of com-puter science. If A and B are sets, then A � B (`A is asubtype of B') means that elements of A are also elementsof B. If A and B are speci�cations, then programs satisfyingspeci�cation A also satisfy B. In object-oriented program-ming, if A and B are object descriptions, then A � B statesthat where an object with interface B is expected, it is safeto use an object with interface A. If A and B are theorems,then a proof of A is also a proof of B. Understanding theessence, subtleties, and general properties of subtyping il-luminates a wide area.Dependent types are types which depend on terms. Atypical example is List�n�, the type of lists of length n.Dependent types are more expressive than simple types: thefunctional map can be given the type �n:Nat:List�n� !List�n�, expressing that it is parametric in the length oflists it is applied to. More generally, type dependencycan express a relationship between the input of a functionand its output, which can be used to specify its behaviour.Dependent types also facilitate the encoding of logics viathe judgements-as-types paradigm of the Edinburgh LogicalFramework LF [12]. Suppose p is a term which encodes a

formula of some logic. Then the dependent type True�p�corresponds to a truth judgement and its elements encodeproofs of p. The encoded proofs are constructed from con-stants that encode the axioms and rules of the logic.There are several application areas where researchershave discovered a need to combine subtyping and depend-ent types. In the next section we give an overview of theseapplications; here we sketch a speci�c example of logic rep-resentation. (We assume some familiarity with LF; anotherexample describing datatypes for a programming languageis mentioned in Section 2.) The example is a formal systemfor the call-by-value �-calculus, taken from [4].The syntax of the call-by-value �-calculus is the same asthat of the traditional �-calculus, but it has a restricted ruleof �-equality:��x:M� N �M�x :�N� providedN is a valuewhere a value is a variable or an abstraction. The restrictionis achieved in LF by massaging the syntax of the encoded�-terms. Two syntactic categories are declared:o : ?v : ?(these are types in LF; ? is the kind of types).The intention is that o is the type of all expressions whilstv is a subset of o corresponding to the expressions whichare values. The �-constructor, lda, binds terms of type vand such terms can only be variables or other terms con-structed with lda. An extra constructor �!� is needed, whichcan be thought of as an injection function from values to ex-pressions:! : v ! olda : �v ! o�! vapp : o! o ! oFor the proof system, there is an equality judgement to-gether with constants representing axioms and rules:



� : o ! o ! ?Ere¯ :Qx:o x � x...E� :Qm:v!o;n:v app �!�ldam�� �!n� �mnBut the injection function �!� is a big nuisance. It pervadesthe encoding of terms yet it corresponds to nothing in theoriginal syntax. Lambda expressions become more dif�-cult to read and write; the example mechanisation in LEGOgiven in [4] is testimony to this. Clearly when we use theencoding we would rather not mention the injection at all.With subtyping, we simply declare v as a subtype of o:o : ?v � o : ?and then the injection function is not needed. In effect, itbecomes implicit: we may imagine that it is inserted auto-matically wherever necessary. The �-rule now reads:E� :Qm:v!o;n:v app �lda m� n �mnand we use the same constructors as in the original syntax.1.1 Summary of application areasThe need for subtyping in a dependently typed lambdacalculus was noticed during the Edinburgh LF project,around 1987. Mason pointed out that subtypes would beuseful when representing Hoare's logic: one would like totreat the type of quanti�er-free boolean expressions (usedin programs) as a subtype of the type of �rst-order formu-lae (used in assertions), because formulae contain quanti�-ers that cannot appear in programs [15]. Without subtypesextra machinery is necessary, either encoding explicit coer-cion functions or additional judgements to express syntacticproperties. Either device complicates the encoding. (And aswe have demonstrated above, other examples of encodingsin LF from [4] also bene�t from subtyping.)Later, Pfenning gave more cases of cumbersome encod-ings of syntax, and proposed a solution by extending LFwith re�nement types, a restricted form of subtypes [16].Moreover, he demonstrated that re�nement types (or sub-typing) can allow a limited form of proof reuse, so that oneproof term proves several judgements. (This is connectedwith the interpretation of subtyping as intuitionistic implic-ation explained by Longo et al. [13].) Pfenning proved thathis system is decidable and is a conservative extension ofLF; see Section 5 for comparison with our work.Pfenning's application was the proof assistant Elf whichimplements LF. A richer type theory is implemented bythe LEGO system, in which researchers at Edinburgh andErlangen recently tested Pierce and Turner's subtypingmodel of object-orientation [19]. They extended the modelto include proofs about objects and thus type-dependency.

Because LEGO lacks subtyping, coercion functions areused, but it was found that inserting coercions quickly be-comes tedious in practice. Other applications in LEGO areeasy to �nd. So subtyping is urgently needed for proof as-sistants such as Elf, LEGO, and their relatives NuPrl, Coqand Alf. None yet have subtyping in the form we propose.During the 1980's, Cardelli proposed several rich typesystems for programming languages combining subtypingand type-dependency. The system in [8] is illustrated withexamples of dependent datatypes and subtypings betweenthem. At a workshop in 1986, Cardelli described ideasabout type-checking techniques for these systems but at theoutset accepted that the techniques would only lead to asemi-decision procedure, because of (for example) the com-bination of recursive types and type dependency [7]. Webelieve that our system is the �rst fragment of Cardelli'slanguage, retaining subtyping and dependent types, to beshown to have a decidable type inference problem.In algebraic speci�cation, a language with subtyping anddependent types was proposed by Sannella et al. [20] tomodel formal program development in-the-large. A de-pendent type �x:SP:SP 0 is a speci�cation of a paramet-erised program that should map a program P satisfying SPto a program satisfying SP0�x :� P�; subtypingmodels spe-ci�cation re�nement. The investigations of Sannella et al.into this language were preliminary and the progress repor-ted here has helped the continuation of their work in [3].1.2 Combining subtyping and dependent typesIn separation, subtyping and type-dependency have beenwell-studied. Yet their combination leads to systems that aredif�cult to study. For one thing, we tread close to the line ofundecidability, as in Cardelli's system or the second-ordersystem F� [18]. Of course, we would rather stay on theside of decidability � and this becomes essential for typetheories where type-checking serves as proof-checking. Foranother thing, the typing and subtyping relations becomeintimately tangled, which means that tested techniques ofexamining subtyping in isolation no longer apply.Let us quickly show how typing and subtyping becometangled. The archetypal rule of subtyping is subsumption,which allows a term of a type A to be used where one of asupertype B is expected:Ð ` M : A Ð ` A � BÐ ` M : B(as usual, Ð denotes a context of assumptions about the typesof variables � see Section 2 below). So the typing judge-ment depends on the subtyping judgement. When a systemhas dependent types like List it must have a kinding ruleto check that an application of a type-function to a term is



well-formed:Ð ` List : Nat ! ? Ð ` n : NatÐ ` List�n� : ?So the kinding judgement depends on the typing judgement.We expect the subtyping relationship to hold a priori onlybetween well-formed types; for example, inferring re�exiv-ity of subtyping between types:Ð ` A : ?Ð ` A � ASo subtyping depends on typing, via kinding. As a picture:Ð ` A : K||Ð ` M : A // Ð ` A � BiiThis dependency turns out to signi�cantly complicate themeta-theoretic study, compared with other well-understoodsubtyping systems (e.g., [11, 17, 21, 9]), which all lack thiscircularity.In this paper we add subtyping to the system �P, an ab-stract version of the type-system (sometimes called �Õ)which underlies LF [5, 12]. This is a pure system withtype-valued functions dependent on terms. In Section 2 wede�ne �P�, showing examples of using the rules, and westate some basic meta-theoretic properties.At a certain point in the development of the meta-theory,things become dif�cult to analyse directly. So we design analgorithmic version of the subtyping relation which breaksthe cycle of dependencies. The new relation does not de-pend on kinding, and only relates normal forms. But stillthere is a circularity, since we want to know that normaliz-ation steps used by the subtyping algorithm preserve kind-ing. To solve this we make another separation: �-reductionis split into two levels, �1-reduction on terms and �2-reduction on types. Type normalization only depends on�2-reduction; at the outset we can prove more about thisthan about �1-reduction. This untangles things enough toprove equivalence of the two subtyping relations, and thenproperties about the original relation. This analysis of sub-typing is described in Section 3.In Section 4 we describe the type-checking algorithm.We break more dependencies between the judgements andthen we prove our main result: the algorithm is correct andterminates on all inputs, so �P� is decidable. A corollary isthe minimal type property: every typable term possesses aminimal type in the subtype relation.We believe that this work reports the �rst proof of decid-ability for subtypingdependent types, in a system uniformlyextended with a subsumption rule and a subtyping relation.In Section 5 we summarise the achievement and comparewith the related work. More details, examples and proofscan be found in a longer version of this paper [1].

2. The system �P�The system �P� (pronounced �lambda-pee-sub�) isformally de�ned by the rules which follow below (also sum-marized at the end of the paper). The rules de�ne fourjudgement forms:Ð ` K `K is a kind in context Ð 'Ð ` A : K `type A has kind K in context Ð 'Ð ` M : A `term M has type A in context Ð 'Ð ` A � B `A is a subtype of B in context Ð 'For those familiar with the description of �P in [5], we dif-fer by using a strati�ed presentation separating the syntacticcategories of kinds, types, and terms, and replacing the startand weakening rules by the kind formation judgement. Thisis close to the presentation of �Õ in the appendix of [12].The underlying grammar of pre-terms and pre-contextsis: M ::� x j �x:A:M j MMA ::� � j �x:A:A j Óx:A:A j AMK ::� ? j Õx:A:KÐ ::� hi j Ð; x : A j Ð; � : K jÐ; � � A : KWe assume throughout that pre-contexts never contain re-peated declarations of the same variable.Sometimes the lettersU;V ; : : :will be used to range overpre-terms which may be terms, types or kinds. Substitutionis de�ned in the usual way for term variables U�x :� M�and type variables U�� :� A�. As mentioned, we distin-guish two kinds of �-reduction:C���x:A:M�N� -!�1 C�M�x :�N��C��Óx:A:B�M� -!�2 C�B�x :�M��(C��� indicates a pre-term with a hole in it). The unionof the two reductions is written -!� . Generally, -%R is there�exive and transitive closure of the reduction -!R, and�R is the symmetric closure of -%R. UR denotes the R-normal form of U .Formation, kinding and typing are as in �P (or �Õ), ex-cept that the type conversion rule is replaced by subsump-tion, and we allow bounded type-variables in the context.Here are the rules for kind and context formation:hi ` ? (F-EMPTY)Ð ` A : ?Ð; x : A ` ? (F-TERM)Ð ` KÐ; � : K ` ? (F-TYPE)Ð ` A : KÐ; � � A : K ` ? (F-SUBTYPE)



Ð; x : A ` KÐ ` Õx:A:K (F-Õ)The statement Ð ` ? says that Ð is a well-formed context,avoiding the need for another judgement. We have twowaysof adding type-variables� to a context: in (F-SUBTYPE) thedeclaration � � A : K declares � to have the kind K andto be bounded by the type A. In (F-TYPE) � is unboun-ded and only has a kind. This contrasts with other systemswhich have a �top� type >K for each kind K, and recoverunbounded type variables by assuming � � >K : K. Sincewe have no direct application for top types, we steer clearof their bad behaviour: it is the top types that render thesubtyping relation undecidable in F� when combined witha contravariant rule for bounded quanti�ers [18].As a brief example of using type-variable assumptions,here is a context ÐBag that expresses basic relationshipsabout datatypes for bags and lists:ÐBag � Nat : ?; AllBags : ?;Bag � Ón:Nat:AllBags : Õn:Nat:?;List � Bag : Õn:Nat:?(examples using ÐBag follow below). The idea is thatAllBags is the type of all bags, and the dependent typesBag�n� and List�n� represent bags and lists of size n. Alist of length n is also a bag of size n.Here are the rules for kinding:Ð ` ? � 2 Dom�Ð�Ð ` � : KindÐ ��� (K-VAR)Ð; x : A ` B : ?Ð ` �x:A:B :? (K-� )Ð; x : A ` B : KÐ ` Óx:A:B : Õx:A:K (K-Ó)Ð ` A : Õx:B:K Ð ` M : BÐ ` AM : K�x :�M� (K-APP)Ð ` A : KÐ ` K0 K �� K0Ð ` A : K0 (K-CONV)Dom�Ð� denotes the set of variables declared in Ð ; in(K-VAR), KindÐ ��� refers to the kind in the declaration of� inside Ð . The kind ? classi�es ordinary types; the kindÕx:A:K classi�es dependent types.Here are the rules for typing:Ð ` ? x 2 Dom�Ð�Ð ` x : Ð�x� (T-VAR)Ð; x : A ` M : BÐ ` �x:A:M :�x:A:B (T-�)

Ð ` M :�x:A:B Ð ` N : AÐ ` MN : B�x :� N� (T-APP)Ð ` M : A Ð ` A � BÐ ` M : B (T-SUB)Finally, here are the rules for subtyping:Ð ` A : KÐ ` B : K A �� BÐ ` A � B (S-CONV)Ð ` A � B Ð ` B � CÐ ` A � C (S-TRANS)Ð ` ? � bounded in ÐÐ ` � � Ð��� (S-VAR)Ð ` A0 � AÐ; x : A0 ` B � B0 Ð ` �x:A:B : ?Ð ` �x:A:B ��x:A0:B0 (S-� )Ð; x : A ` B � B0Ð ` Óx:A:B � Óx:A:B0 (S-Ó)Ð ` A � B Ð ` BM : KÐ ` AM � BM (S-APP)Conversion is included in the subtyping relation by(S-CONV), which also ensures re�exivity on types of thesame kind. In (S-VAR), Ð��� stands for the bound of �.The rule (S-� ) lets us infer subtypings such as�n:Nat:List�n� � �n:Even:Bag�n� (when Even �Nat), so if we expect a function from an even number nto a bag of size n, we can use a function that maps anynatural n to a list of length n.Rules (S-Ó) and (S-APP) extend the subtyping rela-tion to type-functions in a pointwise way. If n : Nat,using (S-APP), (S-CONV) and (S-TRANS) we can showthat List�n� � AllBags. Using (S-Ó) we can show thatÓn:Nat:List�n� � Ón:Nat:Bag�n�, for example.2.1. Basic properties of �P�Many properties can be established routinely, althoughthe order of proofs is more critical than in systems withoutsubtyping. We can routinely prove the Church-Rosser prop-erty for �1, �2 or � reduction on pre-terms; strong normal-ization for well-formed kinds, kindable types and typableterms, and various substitution and structural properties ofthe judgements (see [5] or [12] for explanation and similarproofs of these properties and [1] for full details).One desirable property of a type system is type unicity:the type of a term is unique up to conversion. With subtyp-ing this cannot hold, althoughwe can hope for the existence



of minimal types. This property is useful because it allowsus to factor the problem of type-checking into two parts: theinference of a minimal type for a term and deciding the sub-typing relation. We will prove that �P� has minimal typesin Section 4.For the kinding fragment of our system, however, unicitydoes hold. Our �rst proposition is that the kind of a typeis unique up to conversion. We use the observation thatconversion at the kind level is particularly simple since thereis no application. If K �R K0 (where R is one of �, �1,�2) then for some n � 0, K � Õx:A1: : : :Õx:An:? andK0 � Õx:A01: : : :Õx:A0n:?with Ai �R A0i for each i.Proposition 2.1 (Unicity of Kinds).If Ð ` A : K1 and Ð ` A : K2, then K1 �� K2.The next property shows some anticipated agreementsbetween the judgements, for example, that every type in-habited by a term indeed has kind?.Proposition 2.2 (Agreement of judgements).1. If Ð ` A : K then Ð ` K .2. If Ð ` M : A then Ð ` A : ?.3. If Ð ` A � B then for some K, Ð ` A;B : K.To prove agreement, we make use of a restricted form ofthe following bound narrowing property. Once agreementis proved, we can prove the full version of narrowing. Nar-rowing says that reducing types in assumptions preservesthe derivability of any judgement. Informally, one can seethis is true by adding an instance of subsumption or transit-ivity to each use of a variable rule. We write Ð ` J denotean arbitrary judgement.Proposition 2.3 (Bound narrowing).Suppose Ð ` A0 � A. Then1. Ð ; x : A; Ð 0 ` J implies Ð ; x : A0; Ð 0 ` J2. Ð ;� � A : K; Ð 0 ` J implies Ð ;� � A0 : K; Ð 0 ` JAnother desirable property for type systems is subjectreduction. This is the property that �-reduction preservesthe type of a term. (Since a term may have several types ina subtyping system, and since an abstraction term �x:A:Mmay be applied to a term whose minimal type is smallerthan A, in general we may have that reduction adds types.)To prove subject reduction we need to reason about theway judgements are derived. This is the point where wehit a snag. In particular, to show that ��x:A:M�N and itsreduct M�x :� N� have the same type, we would like toassume that the application was typed using (T-�) followedby (T-APP). For this we need a generation principle.

Proposition 2.4 (Generation for typing).1. If Ð ` x : C then Ð ` Ð�x� � C.2. If Ð ` �x:A:M : C then for some B,(a) Ð; x : A ` M : B and (b) Ð ` �x:A:B � C.3. If Ð ` MN : C then for some A;B,(a) Ð ` M : �x:A:B, (b) Ð ` N : A, and (c)Ð ` B�x :� N� � C.Proof By induction on typing derivations, using transit-ivity of subtyping. �However, this is too weak to show type preservation; thepossibility that subtyping was used in (T-SUB) gets in theway. We also need a generation principle for the sub-typing judgement to break down a statement of the formÐ ` �x:A0:B0 � �x:A:B. Unfortunately, we cannotprove a generation principle for subtyping by induction onsubtyping derivations because of the rules (S-CONV) and(S-TRANS). The next section is a quest towards generationfor subtyping using a formulation without these trouble-some rules.Things are better for kinding. Generation for kinding isstrong enough to prove subject reduction for �2-reduction,which will be vital later (in Lemma 3.2).Proposition 2.5 (Generation for kinding).1. If Ð ` � : K then K �� KindÐ ���.2. If Ð ` �x:A:B : K thenK � ?, and Ð; x : A ` B : ?.3. If Ð ` Óx:A:B : K then for some K', K �� Õx:A:K0 ,and Ð; x : A ` B : K0.4. If Ð ` AM : K then for some B;K0, Ð ` A :Õx:B:K0, Ð ` M : B and K0�x :�M� �� K.As well as subject �2-reduction for kinding, we also needclosure of the subtyping relation under �2-reduction. So westate a generalized form of the property, writing J -!�2 J0to indicate a �2-reduction inside J.Proposition 2.6 (Closure under �2-reduction).If Ð ` J and J -%�2 J0 then Ð ` J0.Proof The one step case follows by induction on the de-rivation of Ð ` J also proving the statement for a reductioninside the context Ð . The main case is an outermost reduc-tion in (K-APP), when we need Proposition 2.5. �3. A subtyping algorithmTo delve further into the meta-theory of �P� we mustconfront the subtyping system. We do this by analysing anequivalent system which is syntax directed (to derive anygiven statement, at most one rule applies), and so forms an



algorithm when viewed in reverse. A generation principlefor a syntax-directed system is immediate; the hard part isproving its equivalence with the original presentation.The new rules derive statements Ð `A A � B, withA and B in �2-normal form. Normal forms allow us tograsp the �ne structure of the subtyping relation, since oc-currences of applications are restricted. Otherwise it is hardto tell whether an occurrence of AM was introduced by(S-APP) or (S-CONV), for example.Our algorithm is akin to that for F !̂ in [9], with twoimportant differences. First, the rules here have no kindingpremises, so the cycle of dependencies between subtypingand typing is destroyed. Second, we make a novel adjust-ment for dependent types: splitting�-reduction.We shall explain the reason for splitting �-reductionshortly. Why remove kinding premises from the subtyp-ing rules? This was a technique used in the study of F�!in [21], but we know from the F !̂ algorithm in [9] thatremoving kinding is not crucial to the study of that sys-tem. Things are more complex with �P� because of thecircularity between typing and subtyping: keeping kindingpremises, we could reduce deciding Ð `A A � B to a �-nite number of typing constraints, but such constraints are inno obvious way �smaller� than the subtyping statement webegan with. So it is hard to argue that an algorithm cannotloop by an in�nite alternation of calls from one judgementto the other. Our �rst plan was to seek a cunning inductionmeasure, but removing the circularity seems conceptuallysimpler and closer to a practical subtyping algorithm.The algorithmic subtyping rules are summarized in Fig-ure 8 at the end of the paper. The rules (AS-� ) and (AS-Ó)are the same as (S-� ) and (S-Ó) except that the kindingpremises are removed and �1-conversion of the type-labelof Ó is allowed.The other use of �1-conversion in the algorithm is in arule scheme corresponding to the restriction of (S-CONV)to �2-normal forms with the shape �M1 � � �Mn for n � 0.M1 ��1 M01 � � � Mn ��1 M0nÐ `A �M1 � � �Mn � �M01 � � �M0n (AS-APP-R)Transitivity is also restricted: we only allow transitivityalong the bound of a type-variable in a normal form. Thisuses a �2-normalization step:Ð `A �Ð���M1 � � �Mn��2 � AÐ `A �M1 � � �Mn � A (AS-APP-T)It is the only place where �2-conversion is needed. To makethe rules syntax-directed, we need a side condition here thatA 6��1 �M1 � � �Mn , otherwise (AS-APP-R) applies.The proof of equivalence of the two subtyping systemsis split into soundness and completeness. Soundness onlyholds for well-kinded types, completeness only for �2-normal forms.

In the soundness proof, subject �2-reduction for kindingis crucial for the case of (AS-APP-T) to show that kindab-ility is preserved from the conclusion to the premise. Thisis why we split up �-reduction. If the algorithmic systemused �-normal forms, we would have to prove that full �-reduction preserved kinds� this requires subject-reductionfor typing, the very thing we faltered at to begin with!The lemma requires an auxiliary proposition.Proposition 3.1 (Bounded Type Variables).1. If Ð ` �M1 � � �Mn : K, then Ð ` Ð���M1 � � �Mn :K.2. If Ð ` �M1 � � �Mn : K, then Ð ` �M1 � � �Mn �Ð���M1 � � �Mn .Lemma 3.2 (Soundness of algorithmic subtyping).Suppose we have two types of the same kind, Ð ` A;B : K.Then Ð `A A � B implies Ð ` A � B.Proof By induction on Ð `A A � B, using structuralproperties and Propositions 2.3, 2.2, 2.6 and 3.1. �For completeness we �rst show that re�exivity and trans-itivity are admissible in the new system. This is like thecut-elimination argument �rst used in a subtyping setting byCurien and Ghelli [11] for their study of F�. But instead ofshowing that re�exivity and transitivity can be removed, weshow that they can be added without changing the derivablestatements. This avoids consideration of special �cut-free�derivations.Proposition 3.3 (Re�exivity of algorithmic subtyping).Let A and A0 be two types in �2 normal-form, with A ��1A0. Then Ð `A A � A0.Proof By induction on size�A� � size�A0�, wheresize�U� is the number of symbols in U . Since A and A0are in �2-normal form, their structure is identical up to termcomponents. When A and A0 are variables or applications,the result is by (AS-APP-R); when they are � or Ó types,we use the induction hypothesis and corresponding rule. �3.1. Admissibility of transitivityShowing admissibility of transitivity uses extra ma-chinery. To de�ne a measure for the main induction, weextend the language with a new type constructor and a newreduction. The crucial property of the measure is that it re-duces from the conclusion to the premises of the algorithmicsubtyping rules, notably (AS-APP-T). The same measurewill be used to show termination of the subtypingalgorithm.The new type constructor is a binary �plus� operator,which has the kinding rule:Ð ` A : K Ð ` B : KÐ ` A � B : K (K-�)



The idea is this. Subtyping bounded type variables � typ-ically, but not necessarily, can involve using transitivityalong the bound: � � Ð��� � D. A type thus containsmany �choice� points where the bound of a variable mayor may not be used during subtyping. We de�ne an oper-ation plusÐ �C� which expands these points by recursivelyreplacing bounded variables � in a type C with � � Ð���.We can recover a plus-free type from plusÐ �C� by choos-ing either the left or right side of every plus expression. Thisis captured by �-reduction:C�A � B� -!� C�A�C�A � B� -!� C�B�(where C��� is a type or term in the extended languagewith a hole in it). The number of �-reductions possiblefrom plusÐ �C� affects the complexity of deciding a subtyp-ing statement containing the type C.De�nition 3.4 (Plus-expansion of a type).Let Ð be a context and declare all the type variables of a typeC. Then plusÐ �C� is given by:plusÐ1 ; ��A:K; Ð2��� � � � plusÐ1�A�plusÐ1 ;�:K; Ð2��� � �plusÐ ��x:A:B� � �x:plusÐ �A�:plusÐ �B�plusÐ �Óx:A:B� � Óx:plusÐ �A�:plusÐ �B�plusÐ �AM� � plusÐ �A�MWhen the variable condition on Ð is met, plusÐ �C� isde�ned uniquely � this can be shown by appealing toproperties of contexts and observing that the de�nitionis well-founded on the lexicographic ordering of pairshlength�Ð�; size�C�i, where length�Ð� is the number ofvariables declared by Ð .One important fact is that there is a�-reduction from theexpansion of a type-variable to its bound in the context; thisis used in the next proposition. We write -%nR to indicatethat a reduction is n steps long and -%>nR for more than nsteps. We extend �2-reduction to A � B in the obvious(compatible) way.Proposition 3.5 (Plus types and reduction).plusÐ ��M1 � � �Mn�-%>0�2� plusÐ ��Ð���M1 � � �Mn��2�:Proof We use several sub-lemmas to prove the statement:1. For two contexts Ð and Ð 0, if Ð � Ð 0 then plusÐ �A� �plusÐ 0�A�. (Ð � Ð 0 means that every declaration ap-pearing in Ð is also in Ð 0).2. plusÐ ��M1 � � �Mn� -%>0� plusÐ �Ð���M1 � � �Mn�3. If A -!�2 B, then plusÐ �A� -%�2 plusÐ �B�

Parts 1 and 3 follow by induction on the structure of A.Part 2 follows by induction on n: in the base case, we haveplusÐ ��� -%>0� plusÐ �Ð���� by the de�nition of plus. Thedesired result then follows from 2 and 3. �Now �2�-reduction will help de�ne the measure weseek. First, let maxredÐ �A� be the maximal number of�2�-reductions from the plus-expansion of a type:maxredÐ �A� �defmax n n plusÐ �A� -%n�2� A0 for some A0 o(Notice thatmaxredÐ �A� onlymakes sense when plusÐ �A�is �2�-strongly normalizing.) Then we de�ne the weight oftwo types A;B as the pair:weight Ð �A;B� �defh maxredÐ �A��maxredÐ �B�; size�A�� size�B� iThe number of bounded variables and the size of the typesboth contribute. Pairs weightÐ �A;B� are well-ordered bythe usual lexicographic ordering.Proposition 3.6 (Transitivity of algorithmic subtyping).Suppose plusÐ �A�, plusÐ �B�, plusÐ �C� and the plus-expansion of the bound of every type variable in Ð areall �2�-strongly normalizing. Then Ð `A A � B andÐ `A B � C implies Ð `A A � C.Proof For all Ð using induction on weightÐ �A;C�. Bythe assumption and properties of normal forms the measureis always well-de�ned. Then using case analysis on the lastrule used to derive Ð `A A � B we can break down thetransitivity into smaller instances, using Proposition 3.5. �3.2. Completeness of algorithmic subtypingNow we can establish completeness, using some proper-ties of the new system. Parts 2 and 3 of the next propositionhold for all M such that the normal forms mentioned exist(a weaker condition than kindability).Proposition 3.7 (Properties of algorithmic subtyping).1. If Ð `A A � B and Ð ��2 Ð 0, then Ð 0 `A A � B.2. If Ð1; x : A; Ð2 `A B � C, thenÐ1; Ð2�x :�M� `A �B�x :�M���2 � �C�x :�M���2 .3. If Ð `A A � B and B is not a � -type, thenÐ `A �AM��2 � �BM��2 .Part 3 is crucial in the completeness proof, where the induc-tion hypothesis alone is too weak to show the admissibilityof (S-APP).We can prove that �2�-reduction is strongly normaliz-ing on well-kinded types in the language extended with �.



Moreover if Ð ` A : K in the language without �, thenÐ ` plusÐ �A� : K in the extended language. So whenevertypes A, B, and C are kindable in a context Ð , the conditionof Proposition 3.6 is satis�ed.Lemma 3.8 (Completeness of algorithmic subtyping).If Ð ` A � B then Ð `A A�2 � B�2 .Proof Induction on derivations, using Propositions 2.2,3.6 and 3.7. �Equivalence of the two systems gives a powerful tool foranalysing the subtyping relation. We can prove the genera-tion principle we wanted.Proposition 3.9 (Generation for subtyping).1. If Ð ` � � C and � is bounded in Ð , then eitherC �� �, or Ð ` Ð��� � C.2. If Ð ` �x:A:B � C then for some A0; B0, (a) C ���x:A0:B0, (b) Ð ` A0 � A, and (c) Ð; x : A0 ` B �B0.3. If Ð ` Óx:A:B � C then for some B0, (a) C ��Óx:A:B0, and (b) Ð; x : A ` B � B0.Proof Using Lemma 3.8, by considering the last rule ofa derivation in the algorithmic system and then convertingback to the original system using Lemma 3.2. �And �nally, the subject reduction property for �1-reduction.Proposition 3.10 (Closure under �1-reduction).If Ð ` J and J -%�1 J0 then Ð ` J0Proof As for Proposition 2.6, except the case of an out-ermost reduction is in the rule (T-APP), where we use gen-eration for both typing and subtyping. �4. A type-checking algorithmOur next step towards proving decidability is to designalgorithmic versions of the remaining judgements. In thesame way that we removed kinding premises from subtyp-ing, we remove formation premises from kinding and typ-ing. Again this gives us something nearer a feasible al-gorithm, and helps prove termination.Figures 2, 4 and 6 at the end of the paper show the newrules against the old ones, below we just give highlights.With the convention that premises are evaluated in order(from left to right, `stacked' premises from top to bottom),the rules form an algorithm.For formation, the rule for introducing a bounded type-variable becomes:Ð `A KÐ `A A : K0 K �� K0Ð; � � A : K `A ? (AF-SUBTYPE)

The �rst premise checks the well-formedness of the newkind K and the context. The second premise �nds a kindK0 for the bound A (which we expect to be a well-formedkind). Then it is safe to check that the kinds are convertibleby normalizing. Conversion is needed because it has beenremoved from algorithmic kinding tomake the rules syntax-directed.The algorithmic rule for kinding applications is:Ð `A A : Õx:B:K Ð `A M : B0Ð `A B0�2 � B�2Ð `A AM : K�x :�M� (AK-APP)The subtyping premise is necessary because subsumption isremoved from the new typing relation. Similarly, we allowsubtyping when typing term applications:Ð `A M : AFLUBÐ �A� ��x:B:C Ð `A N : B0Ð `A B0�2 � BÐ `A MN : C�x :� N� (AT-APP)The function FLUB (�functional least upper bound�) is usedto �nd a � -type for the type of a term. It climbs the con-text, following the subtyping order, until it �nds a � -typeor can go no farther. This is achieved by repeatedly �2-normalizing and replacing head variables by their bounds.FLUBÐ �A� �( FLUBÐ j��Ð���M1 � � �Mn� A�2 � � M1 � � �MnA�2 otherwise(where the �rst case only applies if � is declared with abound in Ð , and then Ð j� is the initial pre�x of Ð up to thedeclaration of �).Now we must show that the new algorithmic rules aresound and complete with respect to the original ones. Thisis easier than it was for subtyping, making use of someproperties of FLUB, including the fact that FLUBÐ �A� is anupper bound of A.Proposition 4.1 (Properties of FLUB).1. If Ð ` A : K, then FLUBÐ �A� is well-de�ned.2. If FLUBÐ �A� is de�ned and Ð is a pre�x of the contextÐ 0, then FLUBÐ 0�A� � FLUBÐ �A�.3. If Ð ` A : K, then Ð ` A � FLUBÐ �A�.Lemma 4.2 (Soundness of algorithmic system).For all Ð , A, K, M,1. Ð `A K implies Ð ` K,2. If Ð ` ? then Ð `A A : K implies Ð ` A : K,3. If Ð ` ? then Ð `A M : A implies Ð ` M : A.Proof Simultaneously by induction on the derivationin the algorithmic system. Proposition 4.1 is needed for(AK-APP) and Lemma 3.2 is needed for (AT-APP). �



For completeness we use the crucial characteristic ofFLUB, which justi�es its name: if a type A is a subtypeof some � -type, then FLUBÐ �A� is the least� -type greaterthan or equal toA in the subtype ordering. So an applicationtyped with (AT-APP) is given a minimal type.Proposition 4.3 (� -types and FLUB).1. If Ð ` A ��x:C:D then FLUBÐ �A� ��x:C0:D0 forsome C0;D0.2. If Ð ` A � �x:C:D then Ð ` FLUBÐ �A� ��x:C:D.Proof Via corresponding results for `A . �Lemma 4.4 (Completeness of algorithmic system).1. If Ð ` K, then Ð `A K.2. If Ð ` A : K, then there is a Ka such that Ð `A A :Ka, Ka �� K and Ð ` Ka.3. If Ð ` M : A, then there is an Aa such that Ð `A M :Aa and Ð ` Aa � A.Proof Simultaneously by induction on derivations in theoriginal system, using the corresponding algorithmic rules,structural properties, Propositions 2.2 and 4.3. �This also proves that the algorithmic typing rules assign aminimal type to a typable term. The minimal typing prop-erty for the original system follows, by soundness.Corollary 4.5 (Minimal typing property for �P�).Whenever Ð ` M : A, then there is an Aa such that Ð `M : Aa and Ð ` Aa � A.Our �nal theorem establishes the decidability of thealgorithmic judgements, which guarantees the terminationof subtype checking, kind inference, minimal type inferenceand formation checking.Theorem 4.6 (Decidability).For all Ð , K, M, A, and B, the following problems are de-cidable:1. Given K and K0 such that Ð ` A : K and Ð ` B : K0,whether Ð `A A � B.2. Provided Ð ` ? , whether there exists a Ka such thatÐ `A A : Ka.3. Provided Ð ` ? , whether there exists an Aa such thatÐ `A M : Aa .4. Whether Ð `A K.Proof Part 1 by induction on weightÐ �A;B�. Parts 2and 3 using part 1 by simultaneous induction on the sizeof term to the left of �:�, and part 4 by induction on the sizeof the judgement, using parts 1�3. �

Lemmas 3.2, 3.8, 4.2 and 4.4 establish an equivalencebetween the two presentations of �P�. Put together withTheorem 4.6, this equivalence shows that we have a correctand terminating algorithm for deciding any judgement.To see how the algorithmic rules yield an algorithm, con-sider the subtyping judgement. To check if Ð ` A � B, we�rst check that Ð `A ?. Knowing this, we �nd whether Aand B have kinds, say Ð `A A : Ka and Ð `A B : Kb. Thismeans that A and B are normalizing, so we can normalizethem and �nally check if Ð `A A�2 � B�2 . If any step fails,then Ð ` A � B does not hold.The other judgements yield similar procedures. Asstated, these are of theoretical interest only; we expect thatpractical implementations wouldmake use of �2 weak-headnormal forms instead of full normal forms, amongst otheref�ciency improvements.5. ConclusionOur system �P� adds subtyping to �P. The system �Pis the simplest corner of Barendregt's �-cube with typedependency, yet it is the core of applied type-theories forwhich subtyping is desirable. Subtyping posed a challengefor meta-theoretical study; we met the challenge by prov-ing properties in a carefully chosen order and formulat-ing an algorithmic version of the system. The main resultis the decidability of the typing and subtyping relations,achieved using non-trivial extensions of work that datesback to Cardelli's early ideas [7], Curien and Ghelli's ana-lysis of F� [11] and subsequent studies of non-dependentsubtyping systems [17, 9, 21].Of the related work, Pfenning's study of re�nement types[16] is closest. There, a sort is declared as a re�nementof a type, and there is a subsorting relation. Whilst sub-sorting is a richer relation than our subtyping (for example,intersections of sorts are permitted), there is a strict separ-ation between types and sorts to ensure a straightforwardproof of decidability of the system. Sorts cannot appear inlabels of �-abstractions, so it is impossible to write func-tions with domains limited via subsorting, a disadvantagePfenning mentions. No such restriction applies to our cal-culus, where subtyping applies uniformly.Other related work includes that of Cardelli [7, 8], whogave basic de�nitions and ideas about semi-decision pro-cedures; Aspinall [2], who describes a system that has sub-typing and dependent types but no type variables; Coquand[10] and Luo [14] who each consider forms of subtypinginductive data types in a dependent type-theory, and Betarteand Tasistro (Chalmers University) who recently investig-ated adding dependent records to Martin-Löf's type theory.We want to continue the work begun here in severalways. The �rst goal is to �nd a semantics for �P�. Theideal would be to translate �P� into�P by removing subtyp-



ing, along the lines of [6]. We hinted at this understandingin Section 1 when we suggested that the injection function�!� is somehow implicit in the presence of subtyping, as ifinserted automatically. To generalise, we must assume fam-ilies of coercions for each bounded type variable in a �P�context, and show that there is a canonical way of insertingcoercions to translate pre-terms at each level to �P. Thenany model of �P will serve as a model of �P� and the classof logics that can be encoded will be the same as for LF.For the application of logic encoding, it is well knownthat including �-conversion in the framework is important.Studying examples, the need for intersection types whichPfenning recognised also seems important, allowing con-stants to be overloaded. If the techniques of [9] can be ad-apted, we could reproduce Pfenning's examples in [16].In another direction, we need to examine richer type sys-tems, including the polymorphism and bounded quanti�ca-tion of F�, and approaching the type theories underlying theproof assistants mentioned in the introduction. We suspectthat a careful combination of these features would also givea good type system for a programming language, althoughinvestigation of programming with type-dependency aloneis in its infancy. And to integrate our work into real proofassistants, we must consider more than type-checking, sincesystems like Elf and LEGO do more than check proofs.Searching for a proof or applying a tactic involves uni�c-ation or matching procedures which would need modi�ca-tion to take subtyping into account.Finally, to curb a series of papers on new subtyping sys-tems, it would be nice to lift our results to a more generalsetting, pursuing the idea (which has occurred to several re-searchers) of adding subtyping to Pure Type Systems [5]. Itis easy to formulate such extensions, maybe usingCardelli'spower types [8], but it seems much harder to prove thingsabout them. We hope that variations of the techniques usedhere may help.Acknowledgements. Our sincere thanks are due toR. Constable, M. Dezani, H. Goguen, M. Hofmann, Z. Luo,R. Pollack and D. Sannella for their comments on drafts.We gratefully acknowledge the support provided by theLFCS and a UK EPSRC studentship and grant GR/H73103(DA) and EPSRC grants GR/K38403, GR/G55792, andCONFER and EuroFOCS (AC).References[1] D. Aspinall and A. Compagnoni. Subtyping dependenttypes. LFCS technical report, Department of Computer Sci-ence, University of Edinburgh. To appear, 1996.[2] D. R. Aspinall. Subtyping with singleton types. In Proc.Computer Science Logic, CSL'94, Kazimierz, Poland, Lec-ture Notes in Computer Science 933. Springer-Verlag, 1995.
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hi ` ? (F-EMPTY)Ð ` A : ?Ð; x : A ` ? (F-TERM)Ð ` KÐ; � : K ` ? (F-TYPE)Ð ` A : KÐ; � � A : K ` ? (F-SUBTYPE)Ð; x : A ` KÐ ` Õx:A:K (F-Õ)Figure 1. Formation of contexts and kinds
hi `A ? (AF-EMPTY)Ð `A ? Ð `A A : ?Ð; x : A `A ? (AF-TERM)Ð `A KÐ; � : K `A ? (AF-TYPE)Ð `A KÐ `A A : K0 K �� K0Ð; � � A : K `A ? (AF-SUBTYPE)Ð; x : A `A KÐ `A Õx:A:K (AF-Õ)Figure 2. Algorithmic Formation

Ð ` ? � 2 Dom�Ð �Ð ` � : KindÐ ��� (K-VAR)Ð; x : A ` B : ?Ð ` �x:A:B : ? (K-� )Ð; x : A ` B : KÐ ` Óx:A:B : Õx:A:K (K-Ó)Ð ` A : Õx:B:K Ð ` M : BÐ ` AM : K�x :� M� (K-APP)Ð ` A : K Ð ` K0 K �� K0Ð ` A : K0 (K-CONV)Figure 3. Kinding
� 2 Dom�Ð �Ð `A � : KindÐ ��� (AK-VAR)Ð `A A : ? Ð; x : A `A B : ?Ð `A �x:A:B : ? (AK-� )Ð `A A : ? Ð; x : A `A B : KÐ `A Óx:A:B : Õx:A:K (AK-Ó)Ð `A A : Õx:B:K Ð `A M : B0Ð `A B0�2 � B�2Ð `A AM : K�x :� M� (AK-APP)Figure 4. Algorithmic Kinding



Ð ` ? x 2 Dom�Ð �Ð ` x : Ð �x� (T-VAR)Ð; x : A ` M : BÐ ` �x:A:M :�x:A:B (T-�)Ð ` M :�x:A:B Ð ` N : AÐ ` MN : B�x :� N� (T-APP)Ð ` M : A Ð ` A � BÐ ` M : B (T-SUB)Figure 5. Typing
x 2 Dom�Ð �Ð `A x : Ð �x� (AT-VAR)Ð `A A : ? Ð; x : A `A M : BÐ `A �x:A:M :�x:A:B (AT-�)Ð `A M : AFLUB Ð �A���x:B:C Ð `A N : B0Ð `A B0�2 � BÐ `A MN : C�x :� N� (AT-APP)Figure 6. Algorithmic Typing

Ð ` A : K Ð ` B : K A �� BÐ ` A � B (S-CONV)Ð ` A � B Ð ` B � CÐ ` A � C (S-TRANS)Ð ` ? � bounded in ÐÐ ` � � Ð ��� (S-VAR)Ð ` A0 � AÐ; x : A0 ` B � B0 Ð ` �x:A:B : ?Ð ` �x:A:B ��x:A0:B0 (S-� )Ð; x : A ` B � B0Ð ` Óx:A:B � Óx:A:B0 (S-Ó)Ð ` A � B Ð ` BM : KÐ ` AM � B M (S-APP)Figure 7. Subtyping
Ð `A A0 � A Ð; x : A0 `A B � B0Ð `A �x:A:B ��x:A0:B0 (AS-� )A ��1 A0 Ð; x : A0 `A B � B0Ð `A Óx:A:B � Óx:A0:B0 (AS-Ó)M1 ��1 M 01 � � � Mn ��1 M0nÐ `A �M1 � � �Mn � �M 01 � � �M 0n (AS-APP-R)� bounded in Ð ; A 6� �M1 � � �MnÐ `A �Ð ���M1 � � �Mn��2 � AÐ `A �M1 � � �Mn � A (AS-APP-T)Figure 8. Algorithmic Subtyping


