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Abstract
The category Rel of setsand relationshastwo natural tracedmonoidalstructures:in

�
Rel ����� Tr � , the tensoris

givenby disjoint union,andin
�
Rel ���	� Tr 
�� by productsof sets.Already in 1976,predatingthedefinitionof traced

monoidalcategoriesby 20years,Bainbridgehasshown how to modelflowchartsandnetworksin thesetwo respective
settings.Bainbridgehasalsopointedout thatonecanmove from onesettingto theothervia thepower setoperation.
However, Bainbridge’s power operationis not functorial,andin this paperwe show thatthereis no tracedmonoidal
embeddingof

�
Rel ����� Tr � into

�
Rel ���	� Tr 

� whoseobjectpart is given by the power setoperation. On the other

hand,we show thatthereis suchanembeddingwhoseobjectpartis givenby thepower-multisetoperation.

Introduction

Predatingthedefinitionof tracedmonoidalcategories[2] by 20years,Bainbridge[1] haspointedoutin 1976thatthere
exist (in today’sterminology)two naturaltracedmonoidalstructuresonthecategoryRel of setsandrelations.Thefirst
oneis � Rel ����� Tr � , wherethetensorproductis givenby disjointunionof sets.Thesecondoneis � Rel ����� Tr �
� , where
tensoris givenby productsof sets.Bainbridgeusedthesecategoriesto give a compositionalsemanticsto flowcharts
andnetworks,respectively, andhepointedout a duality betweenthetwo situations:thepowersetoperationtakesthe
first category to thesecond,andit givesriseto a homset-wiseGaloisconnection.Bainbridge’spoweroperationmaps
a set � to thepower set ��� , anda relation ����� �"! to therelation �#���$��� �"�#! givenby %&�#�(' if f for
all )+*&% , ),�.- implies -/*&' . Remarkably, this operationpreservesnot only compositionandtensor, but alsotrace.
However, it doesnot preserveidentities,andit is thereforenot a functor.

Onemaynow askwhetherthereis somevariantof Bainbridge’sconstructionthatyieldsanactualfunctorof traced
monoidalcategories.More precisely:is therea tracedmonoidalembeddingof � Rel ����� Tr � into � Rel �0��� Tr �1� whose
objectpart is givenby powersets?Theanswer, aswe shallsee,is no. In fact,thereis no tracedmonoidalembedding
betweenthesecategoriesthatmapsfinite setsto finite sets.On theotherhand,we will show thatsuchanembedding
existswhoseobjectpartis givenby thepower-multisetoperation.

Thanksto ThomasHildebrandtfor pointingout amistake in thefirst draftof this manuscript.

An embedding of 2 Rel 35463 Tr 7 into 2 Rel 398:3 Tr ;<7
Let Rel bethecategoryof setsandrelations,andlet Relfin bethefull subcategoryof finite sets.On Rel, we consider
two tracedmonoidalstructures� Rel �=��� Tr � and � Rel �0��� Tr ��� . For the first one, � is disjoint union of sets,andfor�"�9�>�@?>�A!B�@? , Tr CD�"�E�F�A! is given by )G� Tr CH�#�<- if f thereexist IKJ��MLNLNLO�PI�QR*S? , with TVUXW ,
suchthat )Y��IZJ[�\LMLNLP��I�Q]�.- . The secondtracedmonoidalstructureis given by � as the productof sets,and for���,�^�_?R�`!V�a? , Tr � C ���,�^�`! is givenby )G� Tr � C �#�<- if f thereexists Ib*c? suchthat �d)G�PI]�<�e�d-f�PI]� . Both
thesetracedmonoidalstructuresrestrictto Relfin. Thegoalof thissectionis to prove:g

This researchwasdonewhile theauthorwasvisiting BRICS,BasicResearchin ComputerScience,Centreof theDanishNationalResearch
Foundation.
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Theorem 1 Thereexistsan embeddinghR�,� Rel ����� Tr �i�j� Rel �0��� Tr �
� of tracedmonoidalcategories.

Let k`lnm�W$�No��NLNLML$p be the setof naturalnumberswith addition. For any set � , let q �r�skut fin denotethe setof
finitely supported� -tuplesof naturalnumbers,i.e. the setof � -tuples �wv]xy�<x0z0{ suchthat for all but finitely many)|*+� , v]x}lRW (noticethat thesetuplescouldberegardedasfinite multisets).If �~vyxy�<x , �~�=�K��� , and �~��x��K�<x�� aresuch
tuples,thenwewrite � � �M�N� � �N�v]x �[xM� �M�N� �NxM�[�

...
...

. . .
...v]xM� �NxM��� �M�N� �[x����N�

asa suggestivenotationfor v x l�� ��z�� � xM� for all )/*u� and� � l�� xKz0{ � x�� for all -�*�! .

Weusethisnotationfor infinite aswell asfor finite index sets,which is justifiedsincethetuplesarefinitely supported.

Lemma 2 Thereexist �w��xM�K��xM� satisfyingtheaboveequationsif andonly if � x0z0{ v]x�l � ��z�� �=� .
Proof: The“only if ” directionis trivial, theotherdirectionfollowsby inductionon � x0z0{ v x . �
We now constructa functor h � Rel � Rel as follows. For any set � , let h��sl�q �s��kut fin. On morphisms�@�0�n�X! , wedefineh#�R�0h����Xh#! to betherelationgivenby �wv]x���x9h#�����=�K�<� if andonly if thereexist �~��xM�Z�<x��
suchthat ��x��}�l(W implies ),�.- for all )H�P- , andsuchthat�=� �M�N� �=�[�v x � xM� �M�N� � x�� �

...
...

. . .
...vyx�� ��xM��� �M�N� ��x����[�

It is easyto seethat if �������F� is the identity relation, then �wv]x���x�h#���~�=xy�<x if f for all ) , vyx�l��[x . Thus,h preservesidentities. To seethat h preservescomposition1, consider� �����F! and ����!���? . Suppose�wv]xy�<x.h#�����=�K�<�Eh��|�w�[ Z��  via �[� �M�N� �=�[�v x � x�� �M�N� � xM� �
...

...
. . .

...v]xM� ��x��¡� �M�N� ��x����N� and

�N  �N�M� �N ¢�� � £Z�N  �N�M� £K�[  �
...

...
. . .

...�=�[� £ �[��  �N�M�¤£ �N�� ��
suchthat ��x��}�l(W implies ),�.- , and £ �[ O�l(W implies -��	I . By Lemma2, for every -�*u! thereis �
¥0x��[ ��<x�  suchthat£ �[  �M�N� £ �N ¢�� xM� ¥ x��[  �M�N� ¥ xM�[ ��

...
...

. . .
...� x � � ¥ x � �[ ¦�M�N� ¥ x � �[  �

Let §,x0I�l � � ¥0x��[  . Thenfor all )/*u� ,

v]x�l�¨ � ��x��.l�¨ ��©   ¥0x��[ �l�¨   §�)YI��
1Sincein any tracedmonoidalcategory, ªy«�¬�­ Tr ®w®
ª�¯e¬�°±«�²P° , it would suffice to checkthis for thecasewhere¬�­�² .
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andsimilarly �   l(� x §$),I for all I}*b? . Thus �   �M�N� �  ¢�v]x §$x�  �M�N� §,x� ¢�
...

...
. . .

...v]xM� §,xM��  �M�N� §,xM�� ��
Moreover, if §,xM ³�l�W thenthereexists - suchthat ¥0x��[ }�l�W , hence��xM���l�W and £ �[ }�l�W , hence),�.- and -��	I , hence),�#�	I . Thus, �wv x � x h}�~�������~�   �   . Thisshows that �wh#�#�[�~h��i�µ´¶h}�w�#�i� .

Conversely, assumethat �wv x � x h}�w�#�i�i�~�   �   via �N  �M�N� �N ¢�v x § x�  �M�N� § x� ¢�
...

...
. . .

...v x � § x �   �M�N� § x �   �
suchthat §$x� ��l>W implies ),�#�	I . For eachpair �d)G�PI]� suchthat )Y���iI , choosea particular -0xM ¶*·! suchthat),�.-0x� ��	I . Define

¥ x��[  l ¸ § xM  if -el:- xM  ,W else,� � l ¨ x0©   ¥ x��[  �� xM� l ¨   ¥ x��[  �£Z�N  l ¨ x ¥ x��[  L
Then ¨ � ¥0xM�[ ¹l §,xM 0�¨ x � x�� l ¨ xK©   ¥ xM�[  l:� � �¨ � � x�� l ¨ ��©   ¥ xM�[  l(¨   § x�  l:v x �¨ � £Z�[  l ¨ xK© � ¥ xM�[  l ¨ x § x�  l:�   �¨   £Z�[  l ¨ xK©   ¥ xM�[  l:� � �
thus � � �M�N� � �[�v]x ��x�� �M�N� ��xM�[�

...
...

. . .
...v]xM� ��x��¡� �M�N� ��x����N� and

�   �N�M� �  ¢��=� £ �N  �N�M� £ �[ ��
...

...
. . .

...�=�[� £ �[��  �N�M�¤£ �N�� ��
Moreover, if ��xM�|�lBW , thenfor someI , ¥0x��[ a�lBW , hence-_l·-0x�  , hence),�.- . Similarly, if £ �N _�l6W , then -��	I . It
follows that �wv]x���x�h#�º�~�[�K�<�9h��|�~�[ Z�<  , andthus h}�~�����µ´��wh#�#�N�wh��i� . We haveshown that h is a functor.
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Next, weshow that h preservesthesymmetricmonoidalstructure.Onobjects,h}�d���e!��i»l h}�w�a����h}�w!�� via the
identificationof �~vy¼��<¼wz0{¾½HC with ���~vyx]�<x0z0{����wv] Z�< Mz�CD� . Moreover, h}�wWy�E»l o . For morphisms,consider���$�^�r!
and �¿�]?À�>Á . Then ���c�c�K�V�c?(�X!(�¿Á . Assume�P�wv]xy��x����w�[ ��< Z�Gh}�w���c�i�������=�K�<�]���wÂyÃÄ��Ã	� via�=� �N�N� �=�N� ÂyÃ �N�M� ÂyÃ5�v]x ��x�� �N�N� ��xM�N� ��xMÃ �N�M� ��x�Ã5�

...
...

. . .
...

...
. . .

...v x�� � x���� �N�N� � xM���[� � x���Ã �N�M� � xM��Ã5��   �  �� �N�N� �  �� � �  �Ã �N�M� �  �Ã �
...

...
. . .

...
...

. . .
...�   � �   � � �N�N� �   � � �Å�   � Ã �N�M� �   � Ã �

where ��¼ÇÆc�l�W implies È=�w�����i�~É . Thus, in particular, ��x�Ãºl�W for all )�*:� and ÊË*�Á , and ���[ bl�W for all-:*�! and I�*º? . Hence �wv]x���x}h#�V���=�Z�<� and �~�[ ��< �h#���wÂyÃ	�<Ã . The converseis also trivial, and thuswe haveh}�w�¶�¿���il:h#�R��h�� . Last, h preservesthecanonicalisomorphismsfor associativity, unit, andsymmetry.
We will now show that h preservestrace.Consider�V�$���(?@�"!Ì�À? andlet ÍSl Tr CG�V�,���r! . First,

supposethat �wv]x���xEh�ÍR�~�=�Z�<� via �=� �M�N� �=� �v x � xM� �M�N� � x�� �
...

...
. . .

...vyx � ��x � � �M�N� ��x � � �
where ��xM�³�lÀW implies )YÍ�- . Now chooseasetof words Îº´��X�/?.Ï.�u! suchthat

1. whenever ),IKJDLNLMLPI�Qy-�*uÎ , then )Y��IZJ[�\LMLNLP��I�QÐ�.- , and

2. for eachpair �d)H�P-�� with )YÍ#- , thereis exactlyoneword )YI J LNLNL¢I Q -³*/Î .

If Ê and ÊE� arewords,thenwe say Ê is a subword of ÊE� , in symbolsÊ¶Ñ�ÊE� , if thereexist words Ò and Ó suchthatÒYÊ9ÓOl:ÊE� . In thefollowing, we denotewordsin ? Ï by Ô . For Èi*u�B��? andÉ}*/!(��? , define£ ¼¡Æ¹l ¨¹m���xM�:ÕµÈdÉEÑ¾)$ÔZ-�*/Î�p���[ Öl ¨¹m���xM�:Õ¾IEÑ¾)$ÔZ-�*uÎ#pyL
Noticethatthesesumsarefinite, becauseonly finitely many ��x��³�l:W . Then

¨Æ[z��G½GC £Zx[Æ l ¨�¿×�xNØ¢��z0Ù � x�� l ¨�¿×�xMÚG� � x�� l�¨ � � x�� l(v x �¨¼dz0{¾½HC £Z¼�� l ¨x¶×ixMØP��z0Ù � xM� l ¨x¶×ix�ÚH� � x�� l ¨ x � x�� l(� � �¨Æ[z��D½HC £  �Æ¹l ¨x0© �\×i ¢Û=xNØ¢��z0Ù ��x��.l(�[ ��¨¼wz0{µ½GC £ ¼� Öl ¨x0© �\×i ¢Û=xNØ¢��z0Ù ��x��.l(�[ �L
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Thus �=� �M�N� �=�[� �[  �M�N� �[ ��v x £Zx�� �M�N� £Zx�� � £Zx�  �M�N� £ZxM  �
...

...
. . .

...
...

. . .
...v]x�� £ xM��� �M�N�A£ xM���[� £ x��¡  �M�N�Ö£ x��� ���[  £  �� �M�N� £  ��[� £  ¢  �M�N� £  � ��

...
...

. . .
...

...
. . .

...�[ �� £  ���� �M�N�¦£  ����N� £  ���  �M�N�¦£  ��� ��
Moreover, if £ ¼¡Æ&�l6W , thenthereexists )$ÔZ-\*�Î with È
É�Ñ.),ÔZ- , henceÈ±��É by definition of Î . Thus,it follows that���~v]x��<x$�M�~�[ Z�< ��Hh#�Ì�P�~�=�K���]�M�w�N ��� �� , andtherefore�~v]x��<x Tr �Ü C �wh#�#���~�=�K��� . Thisshows h}� Tr CD�#�µ´ Tr �Ü C �~h#�#� .

For the converse,assumethat �wv]x���x Tr �Ü C �wh#�#�#���=�K�<� holds. By definition of Tr � , thereexists �w�[ ��<  suchthat���~v x � x �M�~�   �   �Hh#�Ì�P�~� � � � �M�w�   �   � . Let � £Z¼¡Æ � ¼wz0{µ½GC,© Æ[z��Ä½HC besuchthat £Z¼¡Æ �l:W implies È±��É and� � �M�N� � �[� �   �M�N� �  ��vyx £ x�� �M�N� £ x��[� £ x�  �M�N� £ xM ��
...

...
. . .

...
...

. . .
...v]x�� £ xM��� �M�N�A£ xM���[� £ x��¡  �M�N�Ö£ x��� ���[  £  �� �M�N� £  ��[� £  ¢  �M�N� £  � ��

...
...

. . .
...

...
. . .

...�[ �� £  ���� �M�N�¦£  ����N� £  ���  �M�N�¦£  ��� ��
Again, let Í�l Tr C � . We will show that �~v x � x h�ÍÌ��� � � � by inductionon �   �   . We distinguishthreecases:Ý Case1: �   �   l(W . Thenfor all È���É��PI , £Z¼�  l(W and £K <Æ lÀW , hence�=� �N�M� �=�[�v x £KxM� �N�M� £Zx�� �

...
...

. . .
...v]xM� £ x��¡� �N�M�¤£ x����[�

and £ xM�³�l:W implies ),�.- implies )YÍ#- , hencewe aredone.Ý Case2: Thereexists TaUÀÞ anddistinct IKJZ�NLNLML��¢I�Q�*b? suchthat £  �ß± �à0�NLNLML�� £  �áKâyß± �áf� £  �áy©  �ß#�l(W . Define

� �  l ¸ �N 9ã�o if Ie*/IZJZ�NLMLNL��¢I�Qf��N  else,£ �¼¡Æ l·¸ £Z¼¡Æ ã�o if ÈdÉ9Ñ�I J LMLNLPI Q I J �£ ¼¡Æ else.

Then � � �M�N� � � � �[�  �N�M� �[�  �v]x £ �xM� �M�N� £ �xM� � £ �x�  �N�M� £ �x�  �
...

...
. . .

...
...

. . .
...v x�� £ �xM��� �M�N�Ö£ �x����N� £ �xM��  �N�M�Ö£ �x��� ���[�  £ � �� �M�N� £ � �� � £ � �  �N�M� £ � �  �

...
...

. . .
...

...
. . .

...� � ¢� £ � ���� �M�N�¦£ � ����[� £ � ���  �N�M�A£ � ¢�� ��
holdsand £ �¼¡Æ �l(W still implies Èä��É , moreover �   �N� #å �   �[  . By inductionhypothesis,weget �wv]x���x�h�Í:�~�=�K��� .
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Ý Case3: Sincewe arenot in Case1, we canassumethat thereis È�æ�*_? suchthat � ¼�ç �l�W . Inductively suppose
thatwe aregiven Èäè�*c? suchthat �[¼1éa�lRW , thenthereis È<è=½DJe*|���À? suchthat £ ¼�éPê ß ¼1éa�lRW , andthusalso�[¼�éPê ß �lVW . In this manner, we constructa sequenceÈ æ �PÈ<J���ÈäëK�MLNLNL . Sincewe arenot in Case2, this sequence
is non-repeating,andsinceonly finitely many �[  aredifferentfrom W , thesequencemusteventuallystopwith
someÈ<è�*�� . Proceedingfrom È æ in theotherdirection,we canconstructasimilar sequence,sothatin theend
wegeta path ì),I æ LMLNL�I�Q�ì- with £fíxN  ç � £   ç  �ß��NLMLNL�� £  Pá í�³�l(W . Define

v �x l ¸ v]x�ã�o if )�l�ì)H�v]x else,� �� l6¸ � � ãco if -}lVì-Y�� � else,� �  l ¸ �[ Eãco if Ie*uI æ �MLNLNLµ�PI�QY��[  else,£ �¼ÇÆ lB¸ £Z¼¡Æ ãco if È
ÉEÑ³ì),I�æiLMLNLPI Q ì-Y�£Z¼¡Æ else.

Then �=�� �M�N� �=�� � �[�  �N�M� �[�  �v]�x £ �xM� �M�N� £ �xM� � £ �x�  �N�M� £ �x�  �
...

...
. . .

...
...

. . .
...v]�x � £ �x � � �M�N�Ö£ �x � � � £ �x �   �N�M�Ö£ �x �   ��[�  £ � �� �M�N� £ � �� � £ � �  �N�M� £ � �  �

...
...

. . .
...

...
. . .

...�N� ¢� £ � ���� �M�N�¦£ � ����[� £ � ���  �N�M�A£ � ¢�� ��
and £ �¼¡Æ �l�W still implies Èä��É ; moreover �   �[�  å �   �   . By inductionhypothesis,we get �~vy�x � x h�Í@���=�� � � via
some �=�� �N�M� �[�� �vy�x ���xM� �N�M� ���x�� �

...
...

. . .
...v �x�� � �x��¡� �N�M� � �xM���[�

where����)$-b�l(W implies )fÍ�- . Now let

��xM��l ¸ ���xM� �Ào if )�lVì) and -el�ì-Y����xM� else.

Then �=� �N�M� �[�[�v x � xM� �N�M� � x��[�
...

...
. . .

...v x � � x � � �N�M� � x � � �
andif ��xM�:�lnW , theneither � �x�� �l�W , in which case)fÍ�- , or else )�lrì) and -�lîì- . But, by construction,ì),��I æ �\LMLNL¢�.I�Q]�/ì- , andthus )YÍ�- . Thus �wv]xy�<x�h�Í·�~�[�K�<� , which shows thatTr �Ü C �wh#�#��´ºh}� Tr CD�#� , thereby
finishingtheproof of Theorem1. �
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Ther
ï

e is no embedding of 2 Relfin 3f463 Tr 7 into 2 Relfin 3�8:3 Tr ; 7
In this section,we will show that Bainbridge’s constructioncannotbe madeinto a functor from � Rel ����� Tr � into� Rel ����� Tr �1� . More generally:

Theorem 3 Thereexistsno embeddinghR�,� Relfin �=��� Tr ���"� Relfin ����� Tr �1� of tracedmonoidalcategories.

Notice that this theoremimplies that thereis no embeddingof � Rel ����� Tr � into � Rel �0��� Tr ��� which is given by the
powersetoperationon objects.

For any finite set k , let hDðÌ�Y� Relfin �=���i�j� Relfin �0��� bethesymmetricmonoidalfunctorthatis givenon objects
by hGð��Ël:k { andon morphismsby �wv]xy�<x0z0{chDð������=�K�<�Zz�� if f for all )H�P- , ),�.- implies v]x�l(�[� . Onechecksthat
thefunctor hGð preservestraceif andonly if k^�l(ñ . However, hGð is neveranembedding.

For an arbitrarysymmetricmonoidalfunctor hj��� Relfin ������� � Relfin ����� , we will show that if h preserves
trace,thenit is naturally isomorphicto hDð for some k . In particular, thereis no tracedmonoidalembeddinghX�� Relfin ����� Tr ���j� Relfin �0��� Tr ��� .

Givensucha functor h , let k lRh}��o�� . Notice thatany object � in Relfin is of theform �^lVo¾��o9��LNLMLK�ºo ,
andthus, h���l:kX�ukò�aLMLNL,��k�l(k { . For any two objects� and ! , let ó {�� �0k { �>k � l(h}��ô {�� � bethe
imageof thefull relation ô {�� �K�Ë�X! , i.e. of therelation ô {¾� lÀ�X��! .

Notice that h is completelydetermined(up to naturalisomorphism)by k andthe relations ó {¾� , becauseany
morphism�R�K�Ë�X! in Rel canbewrittenas

�nlõ¨xKz0{ oÌöe÷Yø ßwùã0ã�ã$ã�ã��s¨x0z0{ !R»l ¨xKz0{µ© �Zz�� o ö ÷Pú$û ÷Púã±ã�ã�ã�ã,ã
� ¨x0z0{µ© ��z�� o9»l ¨��z�� � ö ú,øHü ßãyã�ã�ã�ãK�Å¨��z�� o�lÀ!��
where

�.xM����oE�joElSý id J if )Y�.- ,o ø ß çãyãK�XW ø ç ßã�ãK��o else.

Thus, h#� canbecomputedfrom ó {�� via

k { l>þxKz0{ k ÿ ÷�� ßwùã=ã�ã�ã�ã��Aþx0z0{ k � »l þx0z0{µ© ��z�� k ÿ ÷Pú Ü�� û ÷Pú �ã<ã�ã,ã�ã�ã�ã�ã±� þxKz0{µ© �Zz�� k »l þ��z�� k { ÿ ú�� ü ßã[ã�ã$ã�ãP�Fþ��z�� knl:!��
where

h}�w� xM� �µ�ykõ�>knl ý id ð if ),�.- ,k � ß çãÐã��jo � ç ßãÐãK�>k else.

Let Ý bea tagsuchthat Ý �*\k . We extendtherelationsó {¾� to ó �{�� ´6�~kõ�(m Ý pZ� { ���wk���m Ý pZ� � by setting�wv x � x ó �{�� �~� � � � if andonly if thereexist �wv]�x � x and �~�=�� � � suchthat �~v]�x � x ó {�� ���=�� � � andv]�x lÀv]x if v]x��l Ý ,v]�x * ó�æ J if v]x�l Ý ,�=�� l:�=� if �=���l Ý ,�=�� * ó J æ if �=�#l Ý .
If �~v x � x0z0{ and �~� � � ��z�� aretuplesin k , and �~� xM� � x0z0{µ© ��z�� is a tuplein kV�¶m Ý p , wewill write� � �M�N� � �[�v]x ��xM� �M�N� ��x��[�

...
...

. . .
...vyx�� ��xM��� �M�N� ��x����[�
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asanabbreviation for v]x ó � JP� �~��xM�K��� for all )&*�� and�w��xM�K��x ó �{�J �[� for all -�*�! ,

Lemma 4 �~vyxy�<x.h#�º�~�=�K��� if andonly if thereexist a tuple �w��x��K�<x0z0{µ© ��z�� of elementsof kB�¶m Ý p , such that ��x��}�l Ý
iff ),�.- , andsuch that �=� �M�N� �=�[�v]x ��xM� �M�N� ��x��[�

...
...

. . .
...v x�� � xM��� �M�N� � x����[�

Proof: We alreadyknow that �wv x � x h#�º�~� � � � if andonly if

�~vyxy�<xO��þ x ó J�����þ xM� h}�~��x��Z���=þ � ó {9JN�����=�K�<�]�
which is thecaseif andonly if thereexist �~���x�� � x0z0{µ© ��z�� and �w���xM� � xKz0{µ© �Zz�� from k suchthatv]x ó JP���~���x�� �<� for all )/*�� ,���x�� l:��� �xM� for all ),�.- ,���x�� */ó J æ and ��� �x�� *bó�æ J for all )+�� - ,�~���Ç�xM� � x ó {�J � � for all -³*/! .

Now letting ��x��.l(���xM� l:��� �x�� if ),�.- , and ��x���l Ý if )+�� - , theclaim follows. �
Lemma 5 Thefollowing statements,alongwith their duals,are propertiesof therelationsó {�� :

1. For all �wv]x���x andall permutations	b�K���ò� , onehas � ó J<{@�~v]x��<x iff � ó J�{@�wv�
�xy�<x .
2. If �\* ó J æ , then v ó J=© {¾½GJ+�~�MJ��NLMLNL����={��P�Z� implies v ó J=© { ���NJ��MLNLNL��¢�={�� . Conversely, whenever v ó J�© {�~�NJZ�NLNLML��¢�={.� , thenthere existsan ��* ó J æ such that v ó J=© {¾½GJO�~�MJ��NLMLNL����={��¢��� . (Actually, � dependsonly onv , but wedon’t needthis fact).

3. For every �E*uk , andevery T_U�o , thereexists �wv�J��MLNLNL��Pv]Q�� such that � ó J<Q��wv�JK�NLNLML��¢vyQ�� ó QyJ¾� .
4. For every �E*uk andevery TaU�o , thereexists v�*�k such that �~�Z�NLNLML����[�	óOQ�Jµv�ó}J�Qu�~���MLNLNL��¢�[� .
5. If ó�æ J �lÀk , thenthereexist vY���9*/k such that v�ó J<ë �����PvÐ� and ���*uóOæ J .

Proof:

1. Considerthefollowing two diagrams.Theleft diagramcommuntesin � Relfin ����� . By applying h , onegetsthe
right diagramin � Relfin �0��� :

o ø ß ü
��
ø ß ü �� �����

��� � 
���
� k � ß ü���

� ß ü �� ����
���� k { Ü 
��k { L

But since 	 is givenin termsof thesymmetricmonoidalstructure,h�	 behavesasexpected,which implies the
claim.
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2. Again,commutativity of theleft diagramimpliescommutativity of theright one:

o ø ß�� ü ê ß��
ø ß ü �� �����
���� �S�:o

id ½ ø ß ç���
� k � ß�� ü ê ß��

� ß ü  ! """"
""""" k { ��k

id # � ß ç��k { �
Thus, v�ó J=© { �~� J �NLMLNLµ�¢� { � if f thereexists ��*/ó�æ J with v�ó J=© {µ½DJ �~� J �NLNLML���� { �¢�Z� , which wastheclaim.

3. Again,we transfera diagramfrom � Relfin ����� to � Relfin �0��� along h :

o ø ßdá ��
id �� $$$$$
$$$ T

ø á�ß�� o
� k � ßwá ��

id �� ����
���� k Q

� á�ß��k/L
Theclaim follows.

4. Suppose�E*uk and TaU�o aregiven.By (3), thereis �wv�JK�NLMLNL��¢v]Q�� suchthat �¾óeJ�Qu�wv�J��MLNLML��Pv]Q��ióOQ�J¾� . Then� � �N�M� � �� vÐJÖv]ë �N�M� v]Q&% J v]Q� v]Q v�J �N�M� v]Q&%fëFvyQ�%5J
...

...
...

. . .
...

...� v�'Av�( �N�M� v�J v]ë� vyëAv&' �N�M� vyQ v�J
andthus �����NLMLNLµ�¢�[� ó QKQ��~�Z�NLNLML����[� by Lemma4. But

T ø á�ß ��
ø áMá �� )))))
))) o ø ßdá��T

� k Q � á�ß ��
� áNá �� �����
��� k

� ßwá��k Q �
andhencethereexists v³*uk suchthat �~���MLNLNL��¢�[�	óOQ�J�v�ó}J<Q��~�Z�NLNLML����[� .

5. Supposethereis some��*/k with ���* óOæ J . For eachT_U�o , use(4) to chooseÂyQ�*�k suchthat �w�K�NLNLMLG�¢�N� ó QyJÂ�Q ó J�QR�~�Z�NLMLNLi�¢�N� . Sincek is finite, theremustbe T	�+*nU�o suchthat Â�Q}l(Â�QK½-, . Now let vel:ÂyQ}l:ÂyQK½., ,
andlet ��l:Â/, . Then v�ó J=© QK½., �w�Z� QLNLNL��P�K�P�Z� ,LNLNL��P�N���~ó QyJ �+ó ,9J ���wvY�¢�N�=L
But we have

o ø ß�� á ê10��
ø ßwà �� �����
���� T}�2*

ø á�ß ½ ø 0 ß��o��Ào
� k � ß�� á ê/0��

� ßwà 34 55555555
55 k Q ��k ,

� á�ß # � 0 ß��kò��k/�
andhenceit follows that v�ó J�ë �wvY�¢�N� . Moreover, suppose��*|óOæ J . Because��ó J+, �w�Z� ,LNLML��¢�N� , it follows that�w�Z� ,LNLNL��P�M�µ*uó�æ , . But ô æ , l W ø ç ßä½�67676 ½ ø ç ßã0ã$ã�ã�ã�ã,ã�ã��8*� ó�æ , l o � ç ß # 67676 # � ç ßã�ã,ã�ã�ã�ã�ã$ãy�Xk , �
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hence�.*/óOæ J , a contradiction. �
Up to thispoint,wehavederivedpropertiesof anarbitrarysymmetricmonoidalfunctor h �$� Relfin �����i�j� Relfin �0��� .
Notice that the only time we have usedthe finitenessof k wasin the last part of Lemma5. Now, assumethat h
preservestrace.We will show that ó æ J�l�k . By way of contradiction,assumethat ó æ Jy�l�k . Then,by Lemma5(5),
thereexist vY���e*ck with vbó}J<ëu�~�Z�PvÐ� and ���*¶ó æ J . Moreover, we caneasilyfind �Z�¢Â_*ck with �w�Z�¢Ây��óOë�J�� , for
instanceby Lemma5(2). Now let ��lºm�) p , !RlºmM-Yp , and ?:lÌm�IKJ��¢I�ëZp . Considertherelation �R�K� �+?:�X!¶�_?
givenby thematrix

��l 9: WAW ooAo�WWAW o
;<

i.e., ),��I ë , I ë ��I ë , I J ��I J , and I J �.- . From vOó J�ë �����PvÐ� and �w�Z�¢Ây�ió ë=J � , with Lemma5(2), it follows that��v �Â Ý Ý Âv ��v Ý� Ý Ý �
andthus,by Lemma4, �wÂ,�PvY�P�M�<h#�e�~���¢vY�P�N� . By definitionof thetraceon � Relfin ����� Tr �1� , it followsthat Â Tr �Ü C �~h#�#� � .
Since h preservestrace,we musthave Âeh}� Tr CG�#��� . But noticethatTr CD�õ�5�"�Å! is the emptyrelation. FromÂ�h}�~ñ��G� , it followsby Lemma4 that �E* óOæ J , a contradiction.Therefore,it musthavebeenthecasethat ó�æ JMl:k .

By the dual argument,we also have ó J æ l>k . Now we can apply Lemma5(2) to arbitrary �À*6k , and by
repeatedlydoing so, it follows that for all v and �~�[����� , if v ó JP���~�=�K��� , then v:lX�=� for all -º*R! . (Note tható JPJ l id ð ). Conversely, if ��� � � � is a constanttuple,thenby Lemma5(4), thereexists v with vOó J�� ��� � � � . Thusv�ó JP� �~� � � � if andonly if vOl�� � for all -�*u!³L
Similarly, thedualstatementholds,andby writing ó {�� l�ó {9J ó JP� , we get�wv x � x ó {¾� �~� � � � if andonly if v x l:� � for all )/*u�b��-�*u!³L
Fromhere,it is easilyseenthat h is naturallyisomorphicto the functor h ð definedat thebeginningof this section
(recallthat h is uniquelydeterminedby k andtherelationsó {�� ). Thisconcludestheproof of Theorem3. �
Additional challenges

Noticethattheproofof Theorem3 only usesthetraceof oneparticularmatrix,namely

��l 9: WAW ooAo�WWAW o
;<

Canoneextract from this proof a universalsentence(in the predicatesof tracedmonoidalcategoriesandequality)
which holds in � Relfin �0��� Tr �1� but not in � Relfin �=��� Tr � ? Sucha (possiblyinfinite) sentencemustexist by abstract
algebraicnonsense.Butanicesuchsentencewouldyieldapossiblymoreelegantproofof thenon-embeddingtheorem.
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