A Note on Bainbridge's Power Set Construction

PeterSelinget
Departmenbf Mathematics
Universityof Michigan
Ann Arbor, Ml 48109-1109

4 May 1998

Abstract

The cateyory Rel of setsand relationshastwo naturaltracedmonoidalstructures:in (Rel, +, Tr), the tensoris

givenby disjoint union,andin (Rel, x, Tr') by productsof sets.Alreadyin 1976, predatingthe definition of traced
monoidalcategyoriesby 20 years Bainbridgehasshavn how to modelflowchartsandnetworksin thesewo respectre

settings.Bainbridgehasalsopointedout thatonecanmove from onesettingto the othervia the power setoperation.
However, Bainbridges power operationis not functorial,andin this paperwe shav thatthereis no tracedmonoidal
embeddingf (Rel, +, Tr) into (Rel, x, Tr') whoseobjectpartis given by the pover setoperation. On the other
hand,we shaw thatthereis suchanembeddingvhoseobjectpartis givenby the pover-multisetoperation.

I ntroduction

Predatinghedefinitionof tracedmonoidalcateyories[2] by 20years Bainbridge[1] haspointedoutin 1976thatthere
exist (in today'sterminology)two naturaltracedmonoidalstructure®nthecateyory Rel of setsandrelations.Thefirst
oneis (Rel, +, Tr), wherethe tensomproductis givenby disjointunionof sets.Thesecondneis (Rel, x, Tr'), where
tensoris givenby productsof sets.Bainbridgeusedthesecateyoriesto give a compositionakemanticgo flowcharts
andnetworks, respectiely, andhe pointedout a duality betweerthe two situations:the power setoperationtakesthe
first category to the secondandit givesriseto a homset-wisésaloisconnection Bainbridges power operationmaps
asetX tothepowersetPX, andarelationR : X — Y totherelationPR : PX — PY givenby a PR (3 iff for
all z € a, zRy impliesy € . Remarkablythis operationpreseresnot only compositionandtensor but alsotrace.
However, it doesnot presereidentities,andit is thereforenotafunctor.

Onemaynow askwhetherthereis somevariantof Bainbridges constructiorthatyieldsanactualfunctorof traced
monoidalcategories. More precisely:is therea tracedmonoidalembeddingf (Rel, +, Tr) into (Rel, x, Tr') whose
objectpartis givenby power sets?The answeyaswe shallsee,is no. In fact, thereis no tracedmonoidalembedding
betweerthesecateyoriesthat mapsfinite setsto finite sets.On the otherhand,we will showv thatsuchanembedding
existswhoseobjectpartis givenby the powvermultisetoperation.

Thanksto ThomasHildebrandtfor pointingouta mistale in thefirst draft of this manuscript.

An embedding of (Rel, +, Tr) into (Rel, x, Tr')

Let Rel bethe cateyory of setsandrelations,andlet Rels, bethe full subcatgory of finite sets.On Rel, we consider
two tracedmonoidalstructuregRel, +, Tr) and (Rel, x, Tr"). For thefirst one,+ is disjoint union of sets,andfor

R:X+7Z —>Y+Z TrzR : X — Y is givenby z(TrzR)y iff thereexist z;,... ,2z, € Z, withn > 0,

suchthatxzRz1 R ... Rz, Ry. The secondtracedmonoidalstructureis given by x asthe productof sets,and for

R:XxZ->Y xZ TyR: X — Y isgivenby z(Tr’, R)y iff thereexists z € Z suchthat(z, z)R(y, z). Both

thesetracedmonoidalstructuresestrictto Rel,. The goalof this sectionis to prove:

*This researctwasdonewhile the authorwasvisiting BRICS, BasicResearclin ComputerScience Centreof the DanishNationalResearch
Foundation.



Theorem 1 Thele existsanembedding™ : (Rel, +, Tr) — (Rdl, x, Tr'") of tracedmonoidalcategories.

Let N = {0,1,... } bethesetof naturalnumberswith addition. For ary setX, let [X — Nls, denotethe setof
finitely supportedX -tuplesof naturalnumbersj.e. the setof X-tuples(a;).cx suchthatfor all but finitely mary
z € X, a, = 0 (noticethatthesetuplescould be regardedasfinite multisets).If (a; )z, (by)y, and(ezy )z, aresuch
tuples,thenwe write

| by by
Qz | Cay Coy'
azl cw/ y Cwlyl

asasuggestie notationfor

a; = Zyey ey forallz € X and
by =3 ,cx€zy forallyey.
We usethis notationfor infinite aswell asfor finite index setswhichis justifiedsincethetuplesarefinitely supported.

Lemma2 Theeexist (e,y).y satisfyingtheaboveequationsf andonlyif 3° v az =>- v by.

Proof: The*only if” directionis trivial, the otherdirectionfollows by inductionon__  a.. O
We now constructa functor F' : Rel — Rel asfollows. For ary setX, let FX = [X — NJin. On morphisms

R: X - Y,wedefineFR : FX — FY tobetherelationgivenby (a; ), FR (by), if andonly if thereexist (ey) 4y
suchthate,, # 0 impliesz Ry for all z, y, andsuchthat

| by - by
aw ezy o ezy,
Qg | gy =" Exry!

It is easyto seethatif R : X — X is theidentity relation, then (a;), FR (bs), iff for all z, a, = b,. Thus,
F preseresidentities. To seethat F' preserescompositiod, considerR : X — Y andS : Y — Z. Suppose
(az)z FR (by)y FS (c;), via

C,t

| by --- by | ¢ 2
fyz’

z
Qg €Ezxy Tt Exy’ and by fyz

(],wl ez/y LI ew/y/ by/ fy/z L fy/z/

suchthate, # 0 implieszRy, andf,, # 0 impliesySz. By Lemmaz2, for everyy € Y thereis (g;,.)z-. suchthat

| fyz T fyz’
(2 Jzyz e Jzyz'
€x'y | Ja'yz " gz'yz'

Lethyz = Zy 9zy-- Thenforallz € X,

Qg = E €xy = § Jzyz = E hzz,
Yy Y,z z

1Sincein ary tracedmonoidalcategory, f; g = Tr((f ® g); ¢), it would sufiice to checkthis for the casewhereg = c.




andsimilarlyc, = 3 hxz forall z € Z. Thus

| Cz Czy
az | he: Bz
(4270 ha:’z s hm’z’

Moreover, if h,. # 0 thenthereexistsy suchthatg,,. # 0, hencee,, # 0 and f,. # 0, hencexRy andySz, hence
zRSz. Thus,(a;), F(RS) (c.).. Thisshavsthat(FR)(FS) C F(RS).
Corversely assuméhat(a,), F(RS) (c;). via

| Cy Cyt
Qg hmz hwz’
aw’ hz’z e hzlzl

suchthat h,, # 0 implieszRSz. For eachpair (z,z) suchthat zRSz, choosea particulary,, € Y suchthat
zRy,.Sz. Define

hoe iy = yps,
gwyz — { Trz y y-’/EZ

0 else,

by, = Zgzyza
z,z

€zy = Zgwyza
z

fyz = Zgzyz-
z

Then
Zgwyz = hwza
Yy
Z €ry = Z Jzyz = by:
x x,z
Z €zy = Zgzyz = Z hyz = ag,
Y Y,z z
nyz = Zgwyz:ZhEZZCza
Yy z,y T
nyz = Zg;uyz = by,
z z,z
thus
| by - by | Cz Car
Qg | €gy " Egy by fyz fyz’
and . . i
e R P R by’ fy’z . fy’z’

Moreover, if e;, # 0, thenfor somez, g,,. # 0, hencey = y,., hencexRy. Similarly, if f,, # 0, thenySz. It
followsthat(a;), FR (by), FS (cz)., andthusF(RS) C (FR)(F'S). We have shavn that F' is afunctor.



Next, we show that F' preseresthesymmetricmonoidalstructure Onobjects,F(X +Y) = F(X) x F(Y) viathe
identificationof (a;)icx+z With ((az)zex, (az).cz). Moreover, F(0) = 1. For morphismsconsiderR : X — Y
andS:Z - W.ThenR+S: X +7Z =Y +W. Assume((az )z, (cz):) F(R+S) ((by)y, (dw)w) Via

by . by, dw . dw’
Qg Cxy T Exy! Crw Tt Exw’
Qg | €gry " Exty!  Eplyw "t Extw!
Cz €zy €zy! €zw Tt €zw'!
Cz Ezly ¢ Ezry’  Ezlyy €zw’

wheree;; # 0 impliesi(R + S)j. Thus,in particulat e;,, = 0 for allz € X andw € W, ande,, = 0 for all
y € Y andz € Z. Hence(a;); FR (by), and(c.), FR (dy)w. Thecorverseis alsotrivial, andthuswe have
F(R+S) = FR x FS. Last, F preseresthe canonicaisomorphismgor associatiity, unit, andsymmetry

We will now shov that F’ preserestrace.ConsiderR : X + Z - Y + Z andlet@ = TrzR : X — Y. First,
supposéhat(a, ). FQ (by), via

| by - by
Qg ezy P ezy,
Qg ez/y .- ez’y’

wheree,, # 0 implieszQy. Now chooseasetof wordsA C X x Z* x Y suchthat
1. wheneverzz; ...z,y € A, thenzR1R. .. Rz, Ry, and
2. for eachpair (z,y) with zQy, thereis exactlyoneword zz; . .. z,y € A.

If wandw' arewords,thenwe sayw is a subword of w', in symbolsw < w', if thereexist wordsu andv suchthat
uwv = w'. In thefollowing, we denotewordsin Z* by £. Fori € X + Z andj € Y + Z, define

fii = D {eay | ijanty € A},
c, = Z{ewy | z<xly € A}.

Noticethatthesesumsarefinite, becaus@nly finitely mary e;, # 0. Then

E fz] E €y = E Exy = E €y = Qg,
Yy

jeEY+Z y | z€ycA y | 2Qy
E fzy = § Ery = § Exy = § Ery = by:
i€X+Z z | z€ycA z | zQy z
E fzj = § €y = Cz,
JEY+Z T,y | z4dz€y€A
E fiz = E €ry = Cz.
€EX+Z T,y | zdz€y€A



Thus

by B by, C, . Cyt

Ay f:vy fwy’ f:vz fzz’

Qg f:v’y fw’y’ f:c’z fw’z’
Cz fzy fzy’ fzz fzz’

Cy! fz’y fz’y’ fz’z fz’z’
Moreover, if f;; # 0, thenthereexistsz€y € A with 35 < 2y, henceiRj by definitionof A. Thus, it follows that
((ag)z, (¢z)z) FR ((by)y, (cz)z), andtherefore(ag ), Trp, (FR) (by),. Thisshovs F(TrzR) C Try,(F'R).

For the corverse,assumethat (a;), Trx,(FR) (by), holds. By definition of Tr', thereexists (c;), suchthat
((az)z, (c2)z) FR ((by)y, (c2):). Let(fij)iex+z,jev+2 besuchthat f;; # 0 impliesiRj and

by e by, C, e Cyt

Ay fzy fzy’ fzz fwz’

Qg fz’y f:c’y’ f:c’z f:c’z’
Cz fzy fzy’ fzz fzz’

Cy! fz’y fz’y’ foz oo faz
Again,let @ = TrzR. We will show that(a,), FQ (b,), by inductionon" c.. We distinguishthreecases:
e Casel: ), c, = 0. Thenforalli, j,z, f;. = 0andf.; = 0, hence

| by --- by
Qg fm/ Tt fmy’
Qg fav’y fz’y’

and f,, # 0 impliesz Ry implieszQy, hencewe aredone.

e Case2: Thereexistsn > 2 anddistinctzy, ... ,z, € Z suchthatf,,.,,... , fz._12.s fzn,z1 # 0. Define
o = c,—1 ifz€z,...,2n,
z Cy else,
f!'= fij—l if ij<1z1...znz1,
£ fij else.
Then
! /
by oo by, cz o Cz’
! ... ! ! ... !
1 Ty zy’ Tz zz’
Ay ;.Iy ot f;/y/ JI:/Z oot élzl
/ ! ... ! ! .. !
¢z 2y zy’ zz zz'
Czl 2'y 2y’ 2z P

holdsandf;; # OstillimpliesiRj, moreaver}__ ¢, <}, c.. Byinductionhypothesisweget(a; ), F'Q (by)y-
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¢ Case3: Sincewe arenotin Casel, we canassumehatthereis ig € Z suchthatc;, # 0. Inductively suppose
thatwe aregiveni; € Z suchthatc;, # 0, thenthereis iy, € X + Z suchthat f;, . ;, # 0, andthusalso
¢i,., 7 0. In this manneywe constructa sequence, i1, iz, ... . Sincewe arenotin Case2, this sequence
is non-repeatingandsinceonly finitely mary c, aredifferentfrom 0, the sequencenusteventuallystopwith
someiy, € X. Proceedingrom ig in the otherdirection,we canconstructa similar sequencesothatin theend

wegetapathizg ... z,J With fizo, fzoz15--- - f2ng 7 0. Define

o =4 1 ifz=3%,
z Qg else,
y_ [ by —1 ify=47,
%=1 b |
y else,
o = c,—1 ifz€z,...,2n,
= Cs else,
;o fij =1 ifigaZz...2,7,
K fij else.
Then
! ! ! /
by, by, C
! ! ! ! !
Ay Ty zy' Tz zz'
! ! ! ! !
agr | fary fz,y, . .
CI ! ! ! !
z 2y 2y’ zz zz'
! ! ! ! !
Czl 2'y fz/y/ 22 lezl

andf;; # 0 still impliesiRj; moreaver_ ¢, < 3~ c,. By inductionhypothesiswe get(a; ). FQ (b,), via
some

! /!
L o
a, exy ezy,
! ! !
(19%] e:tly ezlyl

wheree’zy # 0 implieszQy. Now let

_ [ ey, +1 ifz=23andy =7,
Cay = ! else
zy .
Then
| by by’
ag | €zy €y’
awl ez/y ewlyl

andif e;, # 0, theneithere;,, # 0, in which casezQy, or elsex = & andy = g. But, by construction,
ZR2R... Rz, Ry, andthuszQy. Thus(a,), FQ (by),, Which shavsthatTry ,(FR) C F(TrzR), thereby
finishingthe proof of Theoreml. a



Thereisno embedding of (Relsn, +, Tr) into (Rélqn, x, Tr')

In this section,we will shav that Bainbridges constructioncannotbe madeinto a functor from (Rel, +, Tr) into
(Rel, x, Tr"). More generally:

Theorem 3 Thee existsnoembedding : (Relsn, +, Tr) — (Relsin, X, Tr') of tracedmonoidalcategories.

Notice that this theoremimplies that thereis no embeddingf (Rel, +, Tr) into (Rel, x, Tr') whichis givenby the
power setoperationon objects.

For ary finite setN, let Fy : (Rélsin, +) — (Relfin, x) bethe symmetricmonoidalfunctorthatis givenon objects
by Fx X = N* andonmorphismsby (a;)zex FNR (by)yeyv iff for all z,y, zRy impliesa, = b,. Onechecksthat
thefunctor Fy preserestraceif andonly if N # (). However, Fy is neveranembedding.

For an arbitrary symmetricmonoidalfunctor F' : (Rélsin,+) — (Ré€lsin, x), we will showv thatif F' preseres
trace,thenit is naturallyisomorphicto Fy for someN. In particular thereis no tracedmonoidalembeddingF’ :
(Relﬁn, +,Tr) — (Relﬁn, X,TI").

Givensuchafunctor F, let N = F(1). Noticethatary objectX in Reél, isof theform X =1+1+...+1,
andthus,FX = N x N x ... x N = NX. Forary two objectsX andY, letVxy: NX — NY = F(T xy) bethe
imageof thefull relationT xy : X — Y ,i.e.of therelationTxy = X x Y.

Notice that F' is completelydeterminedup to naturalisomorphism)oy N andtherelationsy xy, becausery
morphismR : X — Y in Rd canbewrittenas

x=Y 1=y} g e, 3 1%2){&21:1@
zeX zeX rzeX,ycY zeX,yeYy yeyYy yey

where

idy if xRy,

R,,:1=>1=
i {IMOEH else.

Thus,F'R canbecomputedrom V xy via

NX = JT v Y 77 v 2 N Moy B, NI ~vx Y TTvoy,
xg( zg( xegeY ze)ger yle_!’ yle—!’

where

idy if xRy,

Vo1

F(Ry): N = N = .
N 251 2% N else.

Let o beatagsuchthate ¢ N. We extendtherelationsV xy to Vyy C (N + {e})X x (N + {#})Y by setting
(a2)s Vxy (by)y if andonly if thereexist (ay, ), and(b; ), suchthat(a;), Vxv (b), and

a; = Qg |f Qg # o,
a, € Vo1 ifag =,
b; =by if by # e,
b; €Vio Iifby=oe.

If (az)zex and(by) ey aretuplesin N, and(ezy)zex,yeyv is atuplein N + {o}, wewill write

| by - by
Qg exy - ezy’
Qg | €gry =" Exty!



asanabbreviationfor

az Viy (esy), forallz e X and
(ezy)z V;(l by for all RS Y,

Lemma4 (a;). FR (by), if andonlyif there exista tuple (e;y)sc x,ycy Of elementof N + {eo}, sud thate,, # o
iff z Ry, andsud that

| by - by
az emy - ezy’
Qg | €gry Ex'y!

Proof: We alreadyknow that(a,), F'R (by), if andonly if

(a2)s (H VIYQHF(RI?J); H Vx1) (by)y,

whichis thecaseif andonly if thereexist (e, )ze x,yey and(e;, )ze x yey from N suchthat

az Viv (€y)y forallz € X,
€y = oy for all zRy,
€y € Vio andey, € Vor forallz Ry,
(ehy)z Vx1 by forally e Y.
Now letting e, = e, = e, if Ry, ande,, = ¢ if z R y, theclaimfollows. O

Lemma5 Thefollowing statementsalongwith their duals,are propertiesof therelationsv x vy :
1. For all (a;), andall permutations : X — X, onehasb Vix (az); iff b Vix (a¢z)-

2. If e € V1o, thena Vi, x41 (b1,... ,bx,e) impliesa Vi x (b1,... ,bx). Conversely wheneera Vi x
(b1,... ,bx), thenther existsane € V1o sudthata Vi, x41 (b1,... ,bx,e). (Actually, e dependnly on
a, butwedon't needthis fact).

3. For everyb € N, andeveryn > 1, ther exists(ay, ... ,a,) sudthatb Vi, (a1,... ,an) Va1 b.
4. For everyb € N andeveryn > 1, thereexistsa € N sudthat(b,... ,b) Va1 a Vig (b,... ,b).
5. If Vo1# N, thentherexista, b € N sucthata V12 (b,a) andb & Voi.

Proof:

1. Considerthefollowing two diagrams.The left diagramcommuntesn (Relsin, +). By applying F', onegetsthe
right diagramin (Rélfin, %):

1 Tix X N Vix NX
=

N\ N

X NX.

But since¢ is givenin termsof the symmetricmonoidalstructure F'¢ beharesasexpectedwhich impliesthe
claim.



2. Again,commutatvity of theleft diagramimpliescommutatvity of theright one:

T1,x+1 Vi,x41

1—X+1 N—NXxN
Tix id4+T10 = v lidXVIO
1X
X NX,
Thus,a V1,x (b1,-.. ,bx) iff thereexistse € Vo1 With a V1, x+1 (b1,-.. ,bx,e), whichwastheclaim.

3. Again,we transfera diagramfrom (Rélfin, +) to (Relsn, x) alongF:

1—>n N s Nn
\ lTnl = \ lvnl
id id
1 N.

Theclaim follows.

4. Supposé € N andn > 1 aregiven.By (3), thereis (a1, ... ,a,) suchthath Vi, (a1,-.. ,an) Va1 b. Then

b b - b b
blai ax -+ ap_1  an
blap, a1 -+ an_2 an_1
blas a4 --- ai as
blas a3 --- an ai

andthus(b, ... ,b) Van (b,... ,b) by Lemma4. But

Tt Vni

n—s1 N*"—N
Tkln" - V}A lvm
n N™,

andhencethereexistsa € N suchthat(b, ... ,b) Vp1 a Vig (b, ... ,b).

5. Supposehereis somec € N with ¢ ¢ V1. Foreachn > 1, use(4)tochoosel,, € N suchthat(c,... ,¢) Va1
dn, Vin (c,... ,c). SinceN isfinite, theremustben, m > 1 suchthatd,, = d,m. Nowleta = d,, = dpim,
andletb = d,,. Then

a Vintm (6,.7,¢,¢,.™,¢) (Va1 X Vm1) (a,b).

Butwe have
T1,n4m Vintm
1——=n+m N—N"x N™
l‘rnl'i‘—rml = lvn1 XVm1
Tz Viz
1+1 N x N,

andhenceit followsthata V12 (a,b). Moreover, supposé € V. Because Vi, (¢, ™, c), it followsthat
(¢c,.™.,¢) € Vom. But

T T
Tom = 0 o1t+...+To1 m

Vo1 X...XV
1 01 01 Nm,

= Vom



hencec € Vo1, acontradiction. O

Up to this point, we have derivedpropertiesof anarbitrarysymmetricmonoidalfunctor F : (Rélfin, +) — (Rélfin, X).
Notice that the only time we have usedthe finitenessof N wasin the last part of Lemma5. Now, assumehat F'
preserestrace.We will showv thatvg; = N. By way of contradictionassumehatVvy;7# N. Then,by Lemma5(5),
thereexista,b € N with a V12 (b,a) andb ¢ Vo:. Moreover, we caneasilyfind c,d € N with (c,d) Va1 c, for
instanceby Lemma5(2). Now let X = {z},Y = {y},andZ = {z1, 22}. ConsidettherelationR : X +Z - Y + Z

givenby the matrix
0 01
R= 1 10
0 01

i.e, zRzs, 22 Rz3, 21 R21, andz; Ry. Froma V12 (b,a) and(c, d) Va1 ¢, with Lemma5(2),it followsthat

andthus,by Lemma4, (d, a, ¢) F R(b, a, ¢). By definitionof thetraceon (Relsi, x, Tr'), it followsthatd Tr% , (FR) b.
SinceF preserestrace,we musthave d F(TrzR) b. But noticethatTrzR : X — Y is theemptyrelation. From
d F(() b, it follows by Lemma4 thatb € Vo1, acontradiction.Thereforejt musthave beenthecasethat v, = N.
By the dual agument,we alsohave Vi0= N. Now we canapply Lemma5(2) to arbitrarye € N, andby
repeatedlydoing so, it follows thatfor all a and(b),, if a Viy (by),, thena = b, for ally € Y. (Note that

Vi1=idy). Corverselyif (b,), is aconstantuple,thenby Lemma5(4), thereexistsa with a V1v (by),. Thus
aViy (by), ifandonlyif a=b,forallyeY.
Similarly, thedual statemenholds,andby writing Vxy=V x1V1iy, we get
(az)z Vxy (by)y if andonly if a; =byforallz € X,y €Y.

Fromhere,it is easilyseenthat F' is naturallyisomorphicto the functor Fy definedat the beginning of this section
(recallthat F' is uniquelydeterminedy N andtherelationsy xy). This concludeghe proof of Theorem3. 0
Additional challenges

Noticethatthe proof of Theorem3 only usesthetraceof oneparticularmatrix, namely

0 01
R=|1 10
0 01

Canoneextract from this proof a universalsentencdin the predicatef tracedmonoidalcategoriesand equality)
which holdsin (Rélsin, x, Tr') but notin (Rélsin, +, Tr)? Sucha (possiblyinfinite) sentencenustexist by abstract
algebraimonsenseBut anicesuchsentencevouldyield apossiblymoreelegantproofof thenon-embeddintheorem.
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